We have computed one-loop bulk and brane mass renormalization effects in a fivedimensional gauge theory compactified on the M 4 × S 1 /Z 2 orbifold, where an arbitrary gauge group G is broken by the orbifold action to its subgroup H. The space-time components of the gauge boson zero modes along the H generators span the gauge theory on the orbifold fixed point branes while the zero modes of the higher-dimensional components of the gauge bosons along the G/H generators play the role of Higgs fields with respect to the gauge group H. No quadratic divergences in the mass renormalization of the gauge and Higgs fields are found either in the bulk or on the branes. All brane effects for the Higgs field masses vanish (only wave function renormalization effects survive) while bulk effects are finite and can trigger, depending on the fermionic content of the theory, spontaneous Hosotani breaking of the brane gauge group H. For the gauge fields we do find logarithmic divergences corresponding to mass renormalization of their heavy Kaluza-Klein modes. Two-loop brane effects for Higgs field masses are expected from wave function renormalization brane effects inserted into finite bulk mass corrections.
Introduction
Extra dimensions (with respect to the four space-time dimensions) are a common ingredient in all fundamental theories aiming to unify gravity with the rest of the known interactions. However, unlike gravitational interactions that propagate in the bulk of the higher dimensional space (with ten/eleven dimensions in string/M theory), gauge interactions can propagate on a (4+d)-dimensional (d ≥ 1) slice of space-time, e.g. in the worldvolume of a D-brane in type I/I ′ strings [1] . Moreover, it has been shown that in these theories the radius R of the compact dimensions where the gauge interactions propagate can be large enough [2] for the corresponding excitations to be at the reach of future accelerators [3] [4] [5] [6] [7] [8] [9] [10] [11] , while the string (or higher dimensional quantum gravity) scale M s can be lowered to the TeV range [12] and show up in colliders [13, 14] and gravitational experiments [15] . This fact opened up for the first time exciting possible experimental accessibility to fundamental theories and provided new insight into long-standing problems of particle physics such as the hierarchy problem.
The hierarchy problem of the Standard Model i.e. the appearance of quadratic divergences in the quantum corrections to the Higgs mass is one of the most outstanding problems in particle physics. It has motivated, as the prototype perturbative solution, the introduction of supersymmetry -a symmetry responsible for the absence or cancellation of quadratic divergences -that is being looked for extensively in experimental searches. However, in view of the elusiveness of supersymmetry to show up in direct searches and the robustness of the Standard Model predictions that is pushing up the scale of supersymmetry breaking, it is interesting to explore new avenues and possible alternative solutions to the hierarchy problem. The existence of TeV extra dimensions where the Standard Model fields propagate provides new and useful tools for this search.
Large extra dimensions have shown to shed new light on the hierarchy problem. In particular, in higher-dimensional supersymmetric theories it has been proved that one-loop radiative corrections to the Higgs mass are finite (ultraviolet insensitive) and ∼ 1/R [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] . Of course, since the theory is non-renormalizable, higher-loop effects introduce through wave function renormalization a certain ultraviolet sensitivity to the Higgs mass that can be absorbed by the renormalization group running of the coupling constants and hence it does not make this sensitivity explicit at low energy [26] . In this sense, the higher dimensionality of the theory allows to improve the solution to the hierarchy problem with respect to four dimensional supersymmetry.
However, in the presence of large compact dimensions supersymmetry is not as necessary an ingredient as it is in four dimensions. In fact, non-supersymmetric solutions to the hierarchy problem based on toroidal compactifications were already explored in the literature [27, 28] . In those cases the Standard Model Higgs field should be identified with an extra dimensional component of a gauge field and electroweak symmetry breaking proceeds by the Hosotani mechanism [29, 30] . The higher dimensional gauge invariance protects the Higgs mass from quadratic divergences at the quantum level and radiative corrections to the Higgs mass are finite and ∼ 1/R. In short, in these non-supersymmetric models the role of supersymmetry preventing quadratic divergences is played by higher dimensional gauge invariance.
A word of caution should be said here about the proposed (perturbative) solutions to the hierarchy problem. All of them are based upon introducing a symmetry at an intermediate scale M 0 between the electroweak scale M weak and the Standard Model cutoff (quantum gravity or string scale M s ) such that quadratic divergences are canceled at scales µ > M 0 . In this way quadratic divergences survive only for scales smaller than M 0 and radiative corrections to the Higgs mass are ∼ M 0 . For the case of four dimensional supersymmetry, M 0 = M SU SY , and at scales µ > M SU SY the Higgs mass is protected by supersymmetry. For the case of a higher-dimensional non-supersymmetric theory with electroweak Hosotani breaking, M 0 = 1/R. For scales µ < 1/R the theory is four dimensional and it is not protected from quadratic divergences, while for µ > 1/R the theory is higher-dimensional and the gauge invariance protects the Higgs mass from quadratic divergences. In both cases, for the mechanism to be effective, the scale M 0 has to be stabilized and should be not much higher than the electroweak scale. This comment applies to both the scale of supersymmetry breaking M SU SY and to the compactification scale 1/R. In particular, fixing the radius R implies considering the gravitational sector of the theory involving the radion field. This problem is outside the scope of the present paper and we will assume that the radius has been fixed and stabilized by some mechanism [31] . In the construction of higher dimensional theories the nature of the compact space plays a prominent role in physics. In particular, theories with more than four flat dimensions or higher dimensional theories compactified on tori are non-chiral from the four dimensional point of view. The simplest solution to this problem 1 is compactification on tori modded out by a discrete symmetry group acting non-freely (with fixed points) on the compact space, or orbifold compactifications [33, 34] . Orbifolds are not smooth manifolds but have singularities at the fixed points which are four-dimensional hypersurfaces or boundaries of the higher-dimensional space. Those boundaries will be (and are) often named "branes" by an abuse of language. At the field theory level brane contributions arise in the higher-dimensional Lagrangian by means of Dirac delta functions. Non-supersymmetric models on orbifold compactifications were already proposed in [35, 36] .
It has been proved that under radiative corrections a theory with no brane couplings will generally flow to one with non-trivial physics on the brane [37] [38] [39] [40] . In particular, wave function renormalization effects localized on the brane have been found. We could understand the appearance of those renormalization effects since they are consistent with the four dimensional nature and symmetries of the branes. In the case at hand, we perform electroweak breaking by the Hosotani mechanism in a higher-dimensional gauge theory broken by the orbifold action to the Standard Model gauge theory on the brane. The Higgs is a scalar field from the point of view of the brane and its mass is not a priori protected by the higher-dimensional gauge invariance from acquiring quadratic divergences localized on the brane. Possible mass terms on the branes that are not protected by the residual gauge invariance are not obviously protected from the higher dimensional symmetries either and will be investigated in detail in this paper. Their absence should be essential for any phenomenological applications aiming to solve the hierarchy problem in the absence of supersymmetry.
The plan of this paper is as follows. In section 2 we will consider a five dimensional (5D) theory compactified on the orbifold M 4 ×S 1 /Z 2 where an arbitrary gauge group G is broken to the subgroup H by the orbifold action. We also consider fermions in an arbitrary representation R of the gauge group and the associated, consistent with the orbifold, Z 2 parity action. We fix the gauge consistently with the properties of the 5D theory and introduce the corresponding Faddeev-Popov ghosts with their transformation properties under the orbifold action. The general Feynman rules for fields propagating in the bulk of the orbifold are exhibited explicitly as well as some useful group theoretical formulas that will be used in the rest of the paper. A general discussion of the allowed orbifold gauge breaking patterns and associated consistent fermion representations is postponed to appendix A while the gauge fixing conditions and the unitary gauge are discussed in appendix B. In section 3 we discuss the general structure of corrections generated in the bulk and on the orbifold fixed planes by radiative corrections in the bulk. We will restrict ourselves to radiative corrections to mass terms, i.e. corrections generated by diagrams with vanishing external four-momentum: p µ = 0. In section 4 the one-loop radiative corrections to all field masses are computed in the theory where an arbitrary gauge group G is broken to the subgroup H by the orbifold action with the fermions in an arbitrary representations R of the gauge group. We have considered separately gauge and fermion sectors and bulk and brane effects. We have found no quadratic divergences either in the bulk or on the branes. While this effect in the bulk is justified from the higher dimensional gauge invariance, its interpretation on the brane for the extra-dimensional components of gauge fields is less clear, although it might be related to the higher-dimensional Lorentz and gauge symmetries. On the other hand, squared mass terms are generated for the extra-dimensional components of the gauge fields opening up the possibility of spontaneous breaking of the residual H gauge symmetry on the branes. In particular, the contribution from the gauge (fermion) sector to the squared mass terms is positive (negative). In section 5 the conditions for Hosotani breaking are discussed and shown to depend on the group-theoretical invariants of the gauge group and fermion representations. Also the possibility of reducing the rank of H by the Hosotani breaking is briefly discussed. This possibility is essential in model building where one could identify H with the Standard Model gauge group. Finally some comments about two-loop corrections and our conclusions are drawn in section 6.
2 Broken gauge symmetry on the Z 2 orbifold
The model we will consider is a gauge theory coupled to matter in five flat space-time dimensions with coordinates x M = (x µ , x 5 ) and metric signature (+, −, −, −, −). The 5D geometry is M 4 × S 1 /Z 2 , i.e. the fifth dimension is compactified on a Z 2 orbifold, whereas the remaining part is four dimensional Minkowski space with metric η µν . We have neglected gravity so the fixed planes having no tension are rigid geometrical boundaries. Keeping this remark in mind we will refer to these planes as "branes". We denote the radius of the compact circle by R. The gauge group in the bulk is G (we denote dim(G) ≡ d G ) and it is broken to H = H 1 ⊗ H 2 ⊗ . . . (we denote dim(H) ≡ d H ) on the fixed hyperplanes by our choice of the orbifold projection. For matter, we couple Dirac fermions Ψ R that transform in the representation R (we denote dim(R) ≡ d R ) of G to the gauge fields. 2 We will use capital letters from the beginning of the Latin alphabet to denote gauge indices (A, B, C, · · · ), capital letters from the middle of the Latin alphabet to denote five dimensional Lorentz indices (M, N, R, · · · ), small letters from the middle of the Greek alphabet to denote four dimensional Lorentz indices (µ, ν, ρ, · · · ), and small letters from the middle of the Latin alphabet to denote the discrete fifth dimensional momentum (k, l, m, · · · ).
Our starting point is the action
where
N with the indices A, B, C running over the adjoint representation of the gauge group and f ABC the corresponding structure constants. The gauge covariant derivative is
are matrices corresponding to the representation R 3 of the gauge group satisfying
Our parity assignment is defined by
where Λ and λ R ⊗ (iγ 5 ) represent the Z 2 action on the gauge bosons and the fermions respectively (λ R acts on the representation indices), γ 5 = diag(−i, i) and α µ = +1, α 5 = −1. In addition, λ R is a hermitian matrix that squares to one and therefore unitary. Consistency of the 5D gauge symmetry with the orbifold action requires the condition [41] 
where summation over repeated indices is understood. The above constraint comes from the requirement that under the
AM N is invariant and it is straightforward to check that it is an automorphism of the Lie algebra of G.
On the other hand, the invariance of the fermion kinetic term requires the transformation 6) while the invariance of the fermion-gauge boson coupling implies in addition that
In five dimensions the only solution to these equations is P Ψ = λ R ⊗ (iγ 5 ) (with λ R satisfying Eq. (2.7)), which corresponds to the lower sign in Eq. (2.6). With no loss of 2 There should be no confusion between the representation R and the radius R. 3 When the subscript R is omitted it is implied that the matrices are in the fundamental representation.
generality we can diagonalize
We will then often express (2.3) succintly as
A few remarks are in order. From (2.8) we can see that since the orbifold can break G completely only if G = U(1), the unbroken subgroup is always (except in the U(1) case) a non trivial subgroup of G 4 . Under the Z 2 action we can naturally split the adjoint index A into an unbroken part a and a broken partâ so that the generators of the subgroup H are T a R and the generators of the coset
Notice that constraint (2.8) simply means that the matrix Λ is a diagonal matrix with d H elements equal to +1 and with the rest of the d K elements, corresponding to the broken part of G, equal to −1. According then to Eq. (2.9), only A A µ with η A = +1 and A A 5 with η A = −1 acquire zero modes and they are non-vanishing at the fixed planes. The former appear as the (massless) four dimensional gauge fields that correspond to H and the latter as massless scalar fields in four dimensions. Also (2.4) results in a non trivial constraint on the possible bulk fermion representation choices. Let us assume for now that we have made a consistent choice for λ R . Then, the fermions that will appear massless in four dimensions will be chiral because of the iγ 5 appearing in (2.4) and they will transform in some representation R = i r i of H = H 1 ⊗ H 2 ⊗ . . . . Another important constraint is that the resulting massless chiral spectrum on the fixed hyperplane should be anomaly free. This puts further restrictions on realistic model building. There are several different ways to arrive at an anomaly free model but this is not the subject of the present work. In appendix A we work out a few simple examples to illustrate issues related to the Z 2 action on the fermions.
We will now use the formalism of [37, 38] , i.e. we will work with exponential modes for the fields. The modes for any field φ are related by 10) where P φ is the parity operator of the field φ. For fermions it is P Ψ = λ R ⊗ (iγ 5 ) as in (2.4), whereas for the gauge bosons it is (2.9) . Eq. (2.10) is automatically satisfied if the fields are expressed by unconstrained ones:
The gauge propagator can therefore be written as
In the above, we have denoted by G (A) (p µ , p 5 ) the 5D propagator that corresponds to the compactification on S 1 , p µ is the momentum along M 4 , p 5 = m/R is the momentum in the compact direction and we have used the notation δ k ≡ δ k,0 . Using the covariance of
Eq. (2.12) can be simplified to
14)
The fermionic propagator can be computed similarly taking into account that
, which in turn implies the transformation (see (2.21))
Then the simplified fermion propagator reads
The vertices then conserve 5D momentum and are the ones of the unorbifolded 5D theory.
All the information about the non-trivial Z 2 action is encoded in the propagators in a particularly simple way. The next issue is gauge fixing and ghosts. We will work in the 5D covariant gauge
The modified Lagrangian then including the gauge fixing term and the ghost fields c A is in the standard way
By looking at the ghost-gauge field interaction term above, we can see that the ghost c B has the same parity as the gauge field with the same index B, i.e.
The propagators and vertices can then be taken over from any standard textbook with the indices properly generalized to five dimensions. For completeness we give their explicit forms in 5D Minkowski space-time [42] :
Finally, in our loop computations, we will make use of the following formulas:
where C 2 (G) is the quadratic Casimir of G and C R is the Dynkin index of the representation
We normalize the fundamental representation to have its Dynkin index equal to 1/2. In the second identity we have called H A the unbroken subgroup which T A R belongs to 5 . Note that this makes sense since the whole expression vanishes if T A R is a broken generator T A R = Tâ R , (i.e. when η A = −1). We will find it convenient to work in the Feynman gauge, ξ = 1. For any other value of ξ, including the 5D Landau gauge ξ = 0, there is a tree-level mixing A (n = 0) are the Goldstone bosons corresponding to the orbifold gauge breaking. To reach the unitary gauge the gauge fixing condition has to be defined in a 5D non-covariant fashion, just consistent with the compactified theory. This issue was discussed in Ref. [43] for an abelian gauge theory. It is discussed in appendix B for a general non-abelian group broken to a subgroup by the orbifold compactification.
The structure of loop corrections
In this section we will analyze what kind of terms in the effective action could be generated in the bulk and on the orbifold fixed planes by radiative corrections in the bulk. We will focus on the bilinear terms in the effective action and also look only at terms not involving derivatives with respect to infinite directions, ∂ µ . The most general terms are then:
The arrows on the ∂ 5 indicate the field whose derivative is to be taken. The bulk and brane terms in Eq. (3.1) can be read off from the generic two-point function
in the following way: The contributions to Eq. (3.2) for which the five momentum in the outgoing line is conserved, m ′ = ±m, will give rise to bulk terms. We will denote them as
Contracting this expression with the external fields one finds
We now take the Fourier transform of Eq. (3.1), sum over m ′ :
5 Since in the subspace of unbroken generators Λ is just the identity one can find a basis in which the groups H i are generated by some {T Ai }.
and read off the correspondence:
In the second term after summing over m ′ there appears a factor of A C,−m N which has to be transformed into A C,+m N at the cost of an α M η C , according to (2.10). By doing a Taylor expansion around m = 0 we obtain the possible bilinear operators in the bulk:
The summation over m and the gauge and Lorentz indices are left implicit and Π (n) is the nth derivative with respect to m evaluated at m = 0. The bulk mass term is just given by Π (0) (= Π(0)). The terms in Eq. (3.1) proportional to δ-functions are generated by contributions in Eq. (3.2) which do not conserve five-momentum. Instead we will find expressions of the form
Note that the sum over l is now constrained through the Kronecker-δ, yielding an amplitude which depends on the two independent variables m and m ′ . To identify Π 
To compare this with Eq. (3.1) one takes the Fourier transform of the latter with respect to the compact dimension:
We conclude that
To understand the brane terms a bit better, one can make a Taylor expansion of (3.9) around m, m ′ = 0. One gets for even (E) and odd (O) fields respectively:
where we have suppressed the gauge and Lorentz indices for clarity and the (independent) summations over m, m ′ are implicit. In particular it is now clear that the brane mass term for even fields is just Π (0,0) (= Π(0, 0)), given by setting m = m ′ = 0 in the momentumviolating terms of Eq. (3.2). In contrast to Eq. (3.7) the expansion coefficients are now not diagonal but democratic matrices in mode space.
Bulk terms are not expected to generate any divergences that were not present in the original 5D theory. Brane terms, however, could generate new divergences. In particular, we want to investigate the possible appearance of a scalar mass on the brane. Had we introduced fundamental massless scalars in the 5D theory, their masses would pick up corrections proportional to the cutoff of the five dimensional theory and the same would happen with their zero modes on the branes (provided they survive the orbifold projection). In our model there are no scalars in the five dimensional theory. The only bosonic fields are the components of the bulk gauge fields whose masses are zero at tree level and remain zero at all orders because they are protected by gauge invariance. On the branes, however, there are scalars. Some of them are massless at tree level, namely the zero modes of positive Z 2 parity fields. The natural question that arises then is whether these masses are protected against radiative corrections. We know that on general grounds this is not the case and in order to avoid the Higgs mass to pick up corrections proportional to the cutoff, it has to be protected by some symmetry, for example supersymmetry. Our model is not supersymmetric and therefore such a mechanism is not possible. On the other hand since the scalars are extra dimensional components of the original gauge field, one would hope that gauge invariance still protects them. The problem is that it is on the branes where the zero modes of positive Z 2 parity fields are seen as massless scalar fields and we have also seen that it is on the branes that the only surviving symmetry is H; there is no apparent symmetry that prohibits dangerous corrections to their masses. In the following we will see in a one-loop calculation that even though there is no such apparent symmetry on the branes, the larger, original bulk gauge symmetry arranges the couplings of the zero modes and the Kaluza-Klein (KK) towers in such a way that the masses of the zero modes remain protected.
One loop corrections
The one-loop corrections in the effective action coming from the exchange of 5D gauge fields are given in Figs. 1 and 2. We first discuss the general structure of the brane and bulk terms. As a first step, we will not compute the exact values of the diagrams. It is enough to observe their general structure to deduce whether and when there appear bulk
The diagrams contributing from the gauge sector or brane terms. Then, once we have separated bulk from brane terms, we carry out the actual calculation for each case separately and interpret the results. Since we are mainly interested in mass corrections we will explicitly evaluate the one-loop graphs only for vanishing external four-momentum (p µ = 0). The amplitudes corresponding to each graph will be denoted as in Eqs. (3.3) and (3.8) . In addition, we add a superscript (i), i.e.
where i = 1 for the tadpole, i = 2 for the gauge loop, i = 3 for the ghost loop and i = 4 for the fermion loop. The other indices are as described in the beginning of section 2. All computations in this section will be done in Euclidean space [44] .
The gauge sector
In the sector where 5D gauge bosons are exchanged as internal lines there are the three different Feynman diagrams shown in Fig. 1 . All our computations will be carried out in the ξ = 1 (Feynman−'t Hooft) gauge and dimensional regularization (with renormalization scale µ) will be used to handle divergent diagrams. Let us examine each case in turn.
The tadpole
The tadpole is the first graph appearing in Fig. 1 . It is proportional to
which, using the identities (2.26) −(2.30), can be written as
Notice that there is no term proportional to δ m+m ′ and so no contributions to the two-point function Π
will appear. The first term in the above is five momentum conserving and thus gives only a bulk term. Its dependence on the gauge-index A is trivial and the contribution is the same for all A A M . The second term is momentum non-conserving and gives rise to a brane term. Since it contains the factor (η A + 1) it is zero if η A = −1. Thus there are only brane terms if the external lines correspond to a field A a M where a is an index of the unbroken group H.
Applying the Feynman rules, in the bulk we obtain for either η A = ±1
(4.4)
Here we have defined d = δ µµ . This expression is obviously the same along
The contribution of the tadpole to brane localized terms is nonzero only for η A = +1 and is equal to
(4.5)
Observe that there is no sum over the loop fifth momentum.
The gauge and the ghost loop
The second diagram in Fig. 1 is proportional to 6) which gives rise to the four terms
As in the case of the tadpole, there are bulk terms for both η A = ±1. However, once again, one finds brane terms only for η A = +1. The structure for the ghost diagram is slightly simpler since the internal propagators do not carry vector indices. The conclusion is unmodified, brane terms are proportional to (η A + 1). The diagrams with momentum conserving external lines corresponding to (4.7) and (4.8) and the analogous ghost diagrams give, for p µ = 0,
where here of course i = 2, 3 only. For the gauge loop the numerators are given by 14) while the ghost loop gives
Evaluated explicitly this becomes
Obviously all contributions to Π
Brane terms can be computed as well. We will again perform the calculation for p µ = 0. We find 18) where
Bulk effects from the gauge sector
In this section we will compute the bulk effects from the gauge sector obtained in sections 4.1.1 and 4.1.2. It is generally known from finite temperature field theory that by compactifying on a circle no new divergences appear. We can give some reasoning on why this should not happen by looking at a general one-loop amplitude
We can perform a Poisson re-summation 24) whereg is the Fourier transform of g with respect to q 5 = l/R. This allows us to rewrite the amplitude as
Here we have extracted the term in the sum corresponding to k = 0 which is just the five dimensional amplitude. The remaining terms summed over give typically an exponentially suppressed function of the four momentum squared 6 . We will see explicit examples below. To collect the total bulk contribution from the gauge sector, we have to add the different terms according to Eq. (3.6):
Concentrating first on the scalar sector, we find from Eqs. (4.4), (4.11) and (4.12)
.
(4.27)
Notice that the signs η and α in Eq. (4.12) exactly cancel the ones in Eq. (4.26) yielding a global factor of 2 in the second term. Decomposing into partial fractions we obtain
The first observation is that one can shift the summation index l in the second term by m so that it cancels against the first term. To interpret the remaining term, let us do the integral first. Naive power counting indicates that a quadratic divergence and a logarithmic divergence will appear in the result. Recall that in dimensional regularization the appearance of quadratic divergences in d = 4 are signaled by poles in d = 2 and notice that the usual factor of d − 2 multiplying the pole that appears in conventional gauge theories is missing. Despite this fact we will now show that all divergences (quadratic and logarithmic) are actually absent. According to Eq. (3.7), we can extract the bulk mass term from Eq. (4.28) by evaluating it at m = 0:
(4.29) 6 The separation of the amplitude into a five dimensional part and a finite part is similar to the approach of [45] .
There seems to be a quadratically divergent piece left over. This is not unexpected at this stage since the four dimensional gauge invariance alone does not protect these scalars from acquiring divergences. However, five-dimensional gauge-invariance does: According to our discussion below Eq. (4.23) one can extract the five dimensional part of the amplitude by substituting the summation by an integration over q 5 = l/R. In this case, however, this integral turns out to be zero and therefore quadratic divergences are absent. The remaining terms of the Poisson re-summation (sum over k = 0) give ∼ sinh −2 (πRq) which is exponentially suppressed for large q and renders the integration finite. Performing the integration in (4.29) we find
It is a manifestly finite result, as expected, since it is the same result as the one we would have obtained in an S 1 compactification. The m-dependent terms and therefore all terms involving ∂ 5 derivatives vanish, which can be seen by writing Eq. (4.28) for m = 0 as
Shifting the summation index l → l + m in the second term cancels the contribution from the first one. Let us now compute Π µµ ′ . As in the case of Π 55 the contributions of Π (2,3) + and Π 
(4.32)
Performing the integral first we expect a quadratic divergence by power counting. However, these divergences again cancel. This can be seen in dimensional regularization by noticing that the coefficient of the pole is proportional to d − 2. Here the factor of d − 2 is necessary because the integral that it multiplies is not zero. The logarithmically divergent part however is now non zero for m = 0. It fact it gives a contribution to the mass renormalization of the heavy modes of the gauge bosons which is expected since the KK modes being massive should not be protected by gauge invariance against such divergences. On the other hand for m = 0 this would be a contribution (together with (4.4)) to the mass of the massless H gauge bosons which should be forbidden by the gauge invariance of the zero mode sector. Indeed, for m = 0 (4.32) reduces to
and one can check that the whole expression is zero in any d.
Alternatively, we could have re-summed first and separated the five from the four dimensional part from the beginning. The five dimensional part would then have a pole at d = 1 (corresponding to a cubic divergence in d = 5). Then, it is the factor of 1 − d in (4.32) that would protect against these divergences, while the remaining integration would be found to be logarithmically divergent for m = 0 and zero for m = 0.
Brane effects from the gauge sector
We will here gather brane effects from the brane sector results of sections 4.1.1 and 4.1.2. We have to add the different contributions to Π 55 according to Eq. since only gauge components with η A = +1 contribute to brane effects and therefore we are considering only negative parity scalar fields A a,m 5 . Thus, here we find a different reason for the absence of divergences from the one we found in the bulk. There, the poles canceled between the tadpole, the gauge and the ghost loop, as it happens in a d = 4 gauge theory; here they are simply zero.
Next let us examine the brane terms for the gauge bosons M = µ. We find from Eqs. (4.5) and (4.18) together with Eqs. (4.19) and (4.21)
. as can be checked by doing the integral explicitly in dimensional regularization. The rest of the terms in (4.36) correspond to a logarithmically divergent piece and a finite piece.
Recall that this last computation corresponds to the vacuum polarization of the unbroken H gauge bosons, so naively one would have guessed that not only one should find no quadratic divergences but moreover the logarithmically divergent and finite parts should also be absent. What seems even more surprising is that the above amplitude is non zero for say m ′ = 0 and m = 0 which implies a mixing between the zero mode and the heavy modes thus apparently breaking gauge invariance. We believe that the resolution to this puzzle is similar to the one in the Standard Model where the mixing between the photon and the Z gauge boson computed in an R ξ gauge is non zero and gauge non-invariant until vertex and box contributions are taken into account. We will not pursue this question any further, since renormalization of these theories is not the main topic of this work.
The fermion sector
The diagram contributing from fermions living in the representation R is given in Fig. 2 and evaluates to
Expanding the latter and using the identities (2.26) −(2.30), we obtain the momentum conserving terms
where q R = (q ρ , l/R), r S = (q σ , k/R). Using γ 5 γ S = −α S γ S γ 5 together with Eq. (3.6) gives
The momentum violating terms are 43) where here q
. These are potential brane terms for any value of η A . However, one can easily see that they are zero because of their gamma matrix structure: 
where [x] is defined as usual as the integer part of x. In (4.29) we saw that this integral is divergence free and that the only non vanishing contribution comes from m = 0. Thus, the result after summing and integrating, becomes
We stress that here we did not have factors of d − 2 (d − 1) to protect us against quadratic (cubic) divergences so it is fortunate that this contribution is completely finite. After a similar calculation, we obtain for the components along M 4
There is again no quadratic divergences since the corresponding pole vanishes in dimensional regularization in d = 2. The logarithmic divergences for m = 0 correspond to mass renormalization of the heavy KK gauge bosons just as in the contribution (4.32) from the gauge sector. For m = 0 though these logarithmic divergences are absent, since for d = 4 the integral is proportional to (4.33) which was found to be zero, i.e.
As a final consistency check, let us see how does the cancellation of the pole work if we perform the sum over l first. As we have said earlier, cubic divergences which should somehow cancel will typically appear. Indeed, we can rewrite (4.47) as
. (4.49)
We have seen in Eq. (4.28) that the term in the bracket corresponds to just a single finite contribution from m = 0. The first term is the one that has the cubic pole but it is multiplied by the factor of 1 − d so that the cubic divergence in d = 5 is actually absent.
The Hosotani mechanism
In this section we will discuss on the possibility that one of the scalars Aâ ,0 5 radiatively acquires a vacuum expectation value (VEV) and breaks the gauge group H on the brane to a subgroup. This would be relevant in model building for example when SU(2) W × U(1) Y is a subgroup of H, the scalars Aâ breaks H down to U(1) Q . This mechanism is called the Hosotani mechanism [29, 30] . It is not easy to carry out a discussion as general as the one we had up to this point so we will make a few simplifying assumptions. First, we will assume that there is only one type of fermions, transforming either in the adjoint or in the fundamental representation of G. We allow though for multiple flavors of fermions and we will call the number of different flavors by N f . Second, we assume that only one of the Higgs fields Aâ ,0
5 takes a VEV, we will call this field h and write ω = vR/2, where v ≡ h .
The first step is to look at the squared mass at the origin of the Higgs field. Adding the contribution (4.46) multiplied by the number of fermion flavors to the result (4.30) from the gauge sector and noticing that in Euclidean space we are computing the negative mass squared, we obtain the result
We see that for models satisfying (we use
this is negative and therefore ω could indeed break H. Of course, even when m 2 h > 0 the true vacuum can be at some nonzero ω. To be more precise, we have to look at the full effective potential which can be expressed as [18] 
with
and where q F and q B are the shifts in the fermion and boson KK masses according to
The question then is whether this potential has a minimum for some non-zero value of ω, which would then trigger the breaking of H, and if this minimum is a global minimum. It is hard to answer this question in full generality but one can make some progress in special cases. Two simple examples have been provided in Ref. [46] . For N f fermions in the fundamental representation of SU(2) it was found that there is a global minimum at ω = 1 2 7 which becomes degenerate with the one at ω = 0 when N f → 0. Thus, there is a regime 8 0 < N f ≤ 3 where the minimum at ω = 0 does not correspond to the true vacuum. However it was also pointed out that the U(1) symmetry generated by σ 3 which is left over after the orbifolding remains unbroken. This is because the Wilson-line associated to the vacuum ω = 1 2 becomes −1I which commutes with σ 3 . In the other example, G = SU(3) with fermions in the fundamental, it was shown that there again exists a minimum at ω = 1 2 , which already becomes the true vacuum when N f > 3 2 . This is a less stringent bound than Eq. (5.3) , N f > 9 2 , the critical value at which the minimum at ω = 0 turns into a maximum. By computing the Wilson line associated to ω = 1 2 it was finally shown that this breaks only the SU(2) subgroup of H down to U(1). As in the case of SU(2) the rank remains preserved.
If the fermions transform in the adjoint representation of G there is a slight simplification because q F = q B . The ω dependence becomes the same for fermionic and bosonic contributions and the symmetry breaking is determined by the global factor 3 − 4N f in front of the potential. For SU(2) one finds two degenerate minima which lie at ω = 0, and at ω = for N f > 3 4 . For SU(3) one has only a minimum at ω = 0 for N f < 3 4 and two degenerate minima at ω ≃ 0.29, 0.71 for N f > . To show this statement, we can compute the Wilson line due to the VEV 1 R of a scalar along the T A direction:
It is straightforward to show that exp(iπT A ) is a diagonal matrix. Thus, we always have that 
2 , (n − 2ω) 2 . Clearly, since n > 0, the gauge boson associated to the n = 1 level (some linear combination of A 1,1 µ and A 3,1 µ in this case) becomes massless, so the correct statement is U(1)
′ . In fact, in general, for special values of ω there will be an enhanced gauge symmetry at the orbifold fixed points 9 . The interesting feature here is that the special value of ω that results in gauge symmetry enhancement is not arbitrary, instead it is obtained by minimizing the fixed (once a bulk fermion representation is chosen) effective potential. Recall that ω ∼ Rv and that having decoupled gravity, R is a parameter assumed to be fixed to some reasonable value. Then, v is essentially the (only) classical modulus of the theory. In supersymmetric theories v might remain a modulus even at the quantum level but in non-supersymmetric theories such as the ones we analyze here, it can be fixed through a non-trivial one loop potential as we have seen above.
It would be interesting to see if, by turning on gravity, R could be stabilized in the same manner. Of course, in such a case, another important issue would be if R, being the extra component of the metric (i.e. g 55 ), is protected by gauge invariance against quadratic divergences like Aâ 5 , gauge invariance now being general coordinate invariance.
Conclusions and outlook
In this paper we have analyzed the one-loop bulk and brane induced radiative effects in a higher dimensional gauge theory compactified on an orbifold that breaks an arbitrary gauge group G into its subgroup H. We have restricted our explicit analysis to a fivedimensional theory compactified on M 4 × S 1 /Z 2 . The gauge group at the fixed point branes is H and the higher dimensional components of the gauge bosons along G/H are even scalar fields whose (massless) zero modes can become tachyonic by radiative corrections in the bulk and trigger spontaneous Hosotani breaking of H, i.e. they play the role of Higgs fields with respect to the gauge group H.
Mass renormalization of Higgs fields in the bulk is expected to be protected from quadratic divergences by the higher dimensional gauge invariance G of the theory. However, since the branes localized at the fixed points are four dimensional space-times, mass renormalization of the Higgs fields on the branes is not a priori protected from quadratic divergences by the higher dimensional theory.
We have computed the one-loop mass renormalization of the Higgs (and gauge) fields in the bulk and on the branes and found no quadratic divergences at all for any of them. While this effect in the bulk is justified from the higher dimensional gauge invariance its interpretation on the brane for the Higgs fields is less clear, although we believe it might be related to the higher-dimensional Lorentz and gauge symmetries. In fact, we have used a five dimensional covariant gauge (Feynman-'t Hooft gauge) and dimensional regularization that are both consistent with the higher dimensional gauge invariance.
In particular, for the Higgs fields all brane effects vanish while bulk effects are finite and can trigger, depending on the fermionic content of the theory, spontaneous Hosotani breaking of the brane gauge group H. For the gauge fields we find only logarithmic divergences consistent with the mass renormalization of heavy KK modes.
Our results are also consistent with the Higgs fields acquiring a VEV and thus spontaneously break the gauge symmetry H on the branes with one-loop insensitivity to the ultraviolet cutoff of the higher dimensional theory. This insensitivity seems to be a remnant of the properties of the higher dimensional theory where the brane is embedded in. Our results prove that the higher dimensional gauge theory provides a one-loop solution to the hierarchy problem, i.e. it replaces the cutoff by the scale 1/R above which the effective theory becomes higher dimensional, modulo the stabilization of the compactification radius that should involve the gravitational sector of the theory. In any case, a quadratic divergence on the brane would have recreated the hierarchy problem.
Of course our framework cannot be considered as a full solution to the absence of quadratic divergences until they are proved to vanish at any order of perturbation theory, or the symmetry protecting them is clearly identified. In fact, a naive analysis of two-loop diagrams prove that there should be non-vanishing Higgs mass renormalization brane effects from two-loop diagrams. However, since there are one-loop wave function renormalization effects localized on the branes, they should induce on finite one-loop mass diagrams non-vanishing two-loop effects localized on the branes. This means that twoloop mass renormalization effects on the branes are mandatory. Only a genuine two-loop calculation can disentangle a two-loop effect induced by the wave function renormalization localized on the brane (and thus absorbable by renormalization group running as happens in supersymmetric theories) from a genuine Higgs mass counter-term localized on it. A two-loop calculation is beyond the scope of the present paper but will be the subject of future investigation by the present authors.
where H = H 1 ⊗ H 2 ⊗ · · · and the broken generators parametrize the coset K = G/H. The fermion representation of the bulk then breaks up according to this, as
where the r i have to be determined by the orbifold action on the fermions .4) and from the requirement that the coupling igA
The resulting constraint from the latter is
which can be simplified to
To put it in simple words, for a given representation R, λ R has to be chosen in such a way that it commutes with the unbroken generators T a R and anti-commutes with the broken generators Tâ R .
The first class of models of interest is when Λ is such that rank(G) = rank(H) (inner automorphism). In particular this means that none of the Tâ R is diagonal and therefore λ R can always be chosen to be diagonal of the form
where d 1 and d 2 are model dependent numbers. This is not the case for the second interesting class of models, the one with Λ chosen such that the rank of G is reduced (outer automorphism). Reduced rank in particular implies that some of the Tâ R are diagonal and therefore (for those diagonal Tâ R ) the second equality of (A.6) can never be satisfied if λ R is diagonal. Thus, for the case of outer automorphism we have to find a non-diagonal (and unitary) λ R that solves (A.6). The most interesting case will be
which e.g. breaks SU(N) → SO(N). From Eq. (A.5) it then follows that possible representations must be real:
(recall that λ = λ † = λ −1 ). For nonreal representations R one can always choose R = R ⊕ R with generators
(A.10)
Comparing with Eq. (A.9) this fixes λ R to take the block form
Thus λ R has d R eigenstates (ê i ,ê i ) with positive parity and d R eigenstates (ê i , −ê i ) with negative parity, where withê i we denote the usual unit vectors. The zero mode spectrum resulting from this action will always be vector-like and therefore anomaly free. Let us now present a few examples for both the rank preserving and the rank breaking orbifold actions.
The first example in the inner automorphism class is an SU(2) gauge group in the bulk with a pair of Dirac fermions transforming as a doublet under the fundamental representation of SU (2) . First, we have to choose the action Λ on the gauge fields. We have essentially three choices. The first is to take Λ = diag(+1, +1, +1). This choice corresponds to an unbroken SU(2) on the fixed planes and therefore it is not an interesting choice from our point of view. The second possibility is to take Λ = diag(−1, −1, −1) which corresponds to a completely broken gauge group on the fixed planes. However, we have seen in section 2 that this choice is not compatible with the automorphism constraint on the Lie algebra so this possibility cannot be realized. The third choice is to choose Λ = diag(−1, −1, +1), which breaks SU(2) down to U(1) on the brane. The gauge boson of positive parity corresponding to the unbroken U(1) is A The surviving fermions on the brane are then (say) left handed Weyl fermions with U(1) charge +1 and right handed fermions with U(1) charge −1. Thus, the orbifold action resulted in a broken gauge group and chiral fermions on the brane. The theory on the brane is anomaly free as can be readily checked.
As a second example, let us look at the breaking pattern SU(3) → SU(2) ⊗ U(1). To achieve this breaking pattern, we take Λ = diag(+1, +1, +1, −1, −1, −1, −1, +1), so that the generators corresponding to H = SU(2) ⊗ U(1) have positive parity and the generators corresponding to K = SU(3)/(SU(2) ⊗ U(1)) have negative parity. We also choose the fermions to transform in the fundamental representation of SU(3), i.e. R = 3. Then, λ 3 = diag(+1, +1, −1) (d 1 = 2, d 2 = 1) commutes with the generators of H and anti-commutes with the generators of K, so on the brane we will have two massless Weyl fermions transforming as a doublet under SU(2) and a singlet massless Weyl fermion of the opposite chirality. Under SU(3) ⊃ SU(2) ⊗ U(1) we have
This model as it stands has a cubic U(1) and an SU(2) anomaly. One has, in principle, to make modifications that render it anomaly free 11 .
The third and last example in the inner automorphism class is an SU(5) in the bulk with fermions transforming under some representation of the gauge group. We will not go through all the possibilities, instead we look at the breaking pattern SU(5) → SU(3) ⊗ SU(2)⊗U (1) . Following the previous examples, we take Λ to have +1's along the diagonal corresponding to the 12 generators of SU(3)⊗SU(2)⊗U(1) and −1's along the rest of the diagonal elements. Let us assume that the representation is R = 5. Next we have to look for a 5 by 5 matrix λ R that commutes with all the generators of H and anti-commutes with the generators of K. These constraints then fix λ 5 = diag(+1, +1, +1,
(A.13)
The fermionic zero mode sector consists then of an SU(3) triplet of Weyl fermions of say right handed chirality, and an SU(2) doublet of Weyl fermions of left handed chirality. It is also possible to carry out the same exercise for R = 10. Here it is more convenient to express λ 10 in a tensor rather than a matrix form since the ten is the antisymmetrized tensor product of the fundamental with itself. We find
which implies that in
the zero mode spectrum consists of a (3, 2) of left handed chirality and a (3, 1) ⊕ (1, 1) of right handed chirality. For a model that has Dirac fermions in the 5 ⊕ 10 in the bulk, the zero mode spectrum is clearly anomaly free, since the spectrum is that of the Standard Model. Before turning to examples of outer automorphisms, we would like to make the connection between the general formalism reviewed in [41] and formulas (A.1) and (A.5) again through simple examples. We recall that the action of the orbifold group on the fields, when the action is an inner automorphism, is via group elements such that
where H = {H i }, i = 1, · · · , rank(G) are the generators of the Cartan subalgebra of G and V is the twist vector specifying the orbifold. For such group elements it is always true that
where α = {α i } are the roots of G and E α the corresponding ladder generators in the Cartan-Weyl basis, satisfying
Let us first look at the SU(2) → U(1) example. Taking the Cartan generator of SU(2) in the adjoint representation, i.e. H 1 = T
3
A and requiring that g = Λ = diag(+1, +1, −1) in (A.16), fixes V = −1/2. Then, λ 2 is given again by (A.16) with H 1 = T 3 2 . A simple calculation yields λ 2 = diag(+1, −1) (up to a sign) as we had found earlier. The exponent in the second of Eq. (A.17) is non-zero for all non-zero roots of SU(2) (α = ±1, so exp (−2iπα · V ) = −1) and therefore the only unbroken generator is H 1 . A similar calculation for the SU(3) → SU(2) ⊗ U(1) example gives V = (0, √ 3) and therefore λ 3 = diag(+1, +1, −1) (up to a sign). In this case, however, from (A.17) we can see that in addition to H 1 and H 2 there are two more unbroken generators, namely E ±1 , corresponding to α ±1 = (±1, 0), since for those it is α ±1 · V = 0. For the rest of the generators E ±2 and E ±3 we find exp (−2iπα · V ) = −1 as expected.
Finally, we will present two examples with rank breaking actions. The first example is the simplest possible one, namely a U(1) in the bulk breaking down to nothing on the branes. The choice that performs this breaking is Λ = −1 and is a simple realization of Eq. (A.8). Charged fermions are necessarily accompanied by oppositely charged partners. Thus, the fermionic zero mode spectrum is a vector-like pair of Weyl fermions.
The second simplest example with rank breaking action is SU ( form the fundamental representation of SO (3), we find that matter in 3 ⊕3 of SU(3) will transform in 3 ⊕ 3 of SO(3). We checked also that after diagonalizing λ 3⊕3 the positive and negative parity eigenstates transform in separate 3 representations of SO(3). The fermionic zero mode spectrum is therefore an SO(3) triplet of Weyl fermions plus their vector-like partners. Finally we mention that other choices of outer automorphisms not obtained from Eq. (A.8) are related to this one by an inner automorphism.
B The unitary gauge
In this appendix we will study the problem of gauge fixing and the physical (unitary) gauge in the class of 5D models compactified on the orbifold S 1 /Z 2 considered in this paper, where the gauge group G is broken by the orbifold action into its subgroup H. As we have seen in section 5 in the presence of non-vanishing background values for the scalars A A,0 5 in the adjoint representation of G the subgroup H can be further broken and the mass pattern induced by the orbifold breaking will be modified. We will first consider, for simplicity the case of zero VEV for A A,0 5 . The Hosotani breaking case will be subsequently studied.
We have seen that the choice of the gauge
does not lead, for any value of the parameter ξ, to the unitary gauge. In the absence of VEV for the fields A A,0 5 this can be achieved for the gauge fixing condition
consistent with the orbifold action. Using now the gauge-fixing condition (B.2) and the infinitesimal transformation of the field A M under the gauge transformation α(x µ , x 5 ), After mode decomposition p 5 = n/R and so for n = 0 one reaches the unitary gauge in the limit ξ → ∞. In this limit the massive modes of A some of the massless gauge bosons in H acquire a mass and the definition of the unitary gauge can be enlarged to also take into account this effect. The analysis can be readily done in full generality as follows. Let us consider that some fields A A,0 5 will acquire a VEV by quantum corrections. Their tree level potential is flat, since they are part of the gauge bosons in 5D, and we can write the general decomposition for them into a classical part and quantum fluctuations as In order to incorporate the Hosotani breaking into the 5D formalism we can modify the gauge fixing condition (B.2) and define the R ξ gauge
(B.10)
The Goldstone bosons (zero modes) acquire similarly a mass
Of course, not only the zero modes will acquire a symmetry breaking mass but also all massive modes will get the mass 12) 
